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On non-commutative Iwasawa theory




This is a survey article on non-commutative Iwasawa theory for totally real number fields.
We first review the formulation of the non-commutative Iwasawa main conjecture following
John Coates, Takako Fukaya, Kazuya Kato, Ramdorai Sujatha and Otmar Venjakob. Then
we discuss the strategy to construct the p-adic zeta functions and prove the main conjecture
for non-commutative p-adic Lie extensions of totally real number fields. This article is written
in Japanese.
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278 (Takashi Hara)
(Otmar Venjakob) ( CFKSV
[CFKSV] [FK] ) p-
CFKSV
[Coates] [ 1]
( ) [ 1]
§ 1.1.
p
F F∞/F p- ( F∞
Gal(F∞/F ) p- ) F Zp-
F cyc/F F∞ F
F Σ
G = Gal(F∞/F ), H = Gal(F∞/F cyc),
Γ = Gal(F cyc/F ) ∼= Zp
P Zp ( Zp-
) Λ(P )(= Zp[[P ]])
§ 1.2. —Arithmetic side
Λ(G)
S = {f ∈ Λ(G) | Λ(G)/Λ(G)f Λ(H)- }
1.1. S (left and right Ore set) ♦
[CFKSV] Theorem 2.4 S




[ ] [MR] [Stenstro¨m]
(
2 S p- G Γ G
H G Zp- Zp-
H G




( ) K- [BK] Λ(G)→ Λ(G)S
:3
(\) K1(Λ(G))→ K1(Λ(G)S) ∂−→ K0(Λ(G),Λ(G)S)→ K0(Λ(G))→ K0(Λ(G)S).







Db,projS (Λ(G)) ( OF∞,Σ F∞ Σ- ,5 Γe´t
) ∂
∂(fF∞/F ) = −[CF∞/F ](1.1)
K1(Λ(G)S) fF∞/F
1.2. (1.1) K1(Λ(G)S) fF∞/F F∞/F
(Characteristic Element) ♦




2. CF∞/F ( )
(Pontrjagin dual)
3 ( R Z(R)
) (Hyman Bass)
[Bass]
4 Λ(G)- (perfect complex) S (acyclic)
- (Waldhausen-Grothendieck group)




H0(CF∞/F ) = Zp, H−1(CF∞/F ) = Gal(MΣ/F∞) (=: XΣ),
Hq(CF∞/F ) = 0 for q 6= 0,−1








Zp S- Zp Λ(H)-
([CFKSV] Proposition 2.3.) XΣ(= H−1(CF∞/F ))
S-
(
Conjecture on the torsionness of Selmer groups )
(Yoshitaka Hachimori)
(Romyar Thomas Sharifi) ([HS] Lemma 3.4
[Kakde] Lemma 1.7.) XΣ S- p- F∞/F
(µ- )= 0
(∗)µ=0 F∞/F K/F F∞/K p
K Zp- µ- 0
(
Kcyc/K [Iwasawa] ) (Kenkichi Iwasawa)
µ- 0
( µ = 0 ) XΣ S-
(Bruce Ferrero)




4. G p- Λ(G)
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( MS(Λ(G)) S- Λ(G)- )
([CFKSV] G p-
)




1.3 ( Zp- ). F = Q, F∞ = Qcyc
G = Γ = Gal(Qcyc/Q) ∼= Zp H = {id} Σ = {p}
S S = Λ(Γ) \ pΛ(Γ)




nS S∗ = Λ(G) \ {0}
Λ(Γ)S∗ Frac(Λ(Γ))
X{p} = Gal(M{p}/Qcyc)
(Characteristic Ideal) : ([Iwasawa] Theorem 17.)
X{p} Λ(Γ)- .6 Λ(Γ)-
X{p} Λ(Γ) fi X{p}
⊕
i Λ(Γ)/Λ(Γ)fi










6 [Iwasawa] 1 p
X{p} Λ(Γ)- 0
([Greenberg] Proposition 4 )
7Λ(G)- M , N (pseudo-isomorphic) ( G = Γ









( γ Γ ) Λ(Γ) Frac(Λ(Γ))
K1(Λ(Γ)) K1(Frac(Λ(Γ))) Λ(Γ)× Frac(Λ(Γ))×
- ( )
(\)
0→Λ(Γ)×→ Frac(Λ(Γ))× ∂−→K0(Mtors(Λ(Γ)))→ 0
( Mtors(Λ(Γ)) Λ(Γ)- 4
) (Hyman Bass) ∂
∂(f/g) = [Λ(Γ)/Λ(Γ)f ]− [Λ(Γ)/Λ(Γ)g] for f, g ∈ Frac(Λ(Γ))× ∩ Λ(Γ)
Λ(Γ)- K0(Mtors(Λ(Γ))) 0 fQcyc/Q ∂
∂(fQcyc/Q) = [Λ(Γ)/CharΛ(Γ)(X{p})]− [Λ(Γ)/(1− γ)Λ(Γ)]
= [X{p}]− [Zp]
(1− γ Λ(Γ) I(Λ(Γ)) = Ker(Λ(Γ)→ Zp)




fQcyc/Q (1 − γ)−1
p- (
- Kubota-Leopoldt p- ) 1(γ) = 1
−[Zp] p-
♦















G 1 p- K-






§ 1.3. —Analytic side
(Interpolation Property)
p- Q C p-
Qp
ρ : G→ GLd(Q) ( GLd(Q)
G ) p- κ : Gal(F (µp∞)/F ) → Z×p p − 1
r
ρκr : G→ GLd(Qp)
ρκr : Λ(G)→ Md(Qp)
( Qp p-
ρ GLd(E) Qp E
E ) K-
ρκr : K1(Λ(G))→ K1(Md(Qp))
Md(Qp) Qp K1(Md(Qp)) ' K1(Qp) ' Q×p
ρκr (Evaluation Map at ρκr)





: Qp E (ρ ) ρκr GLd(OE) (
OE E )
Φρκr : Λ(G)→ Md(OE [[Γ]]) = Md(OE)⊗Zp Zp[[Γ]]; g 7→ ρκr(g)⊗ g for g ∈ G
(g g Γ ρκr Zp-
Zp[[Γ]] ) Φρκr
Λ(G)S → Md(Frac(OE [[Γ]])) ([CFKSV]
Lemma 3.3. S ).
K1(Λ(G)S)→ K1(Md(Frac(OE [[Γ]]))) ' K1(Frac(OE [[Γ]])) = Frac(OE [[Γ]])×
Frac(OE [[Γ]])× (Augmentation map) g 7→ 1
“K1(Λ(G)S) ”
( 0 ) OE [[Γ]]
p OE [[Γ]]p OE [[Γ]]p → E
p ∞ ( )
evρκr : K1(Λ(G)S)→ E ∪ {∞} ↪→ Qp ∪ {∞}; f 7→ f(ρκr)
( )
F∞/F p-
(p-adic Zeta Function for F∞/F ) G ρ p− 1
r
ξF∞/F (ρκr) = LΣ(1− r;F∞/F, ρ)(1.2)
K1(Λ(G)S) ξF∞/F “ ” LΣ(s;F∞/F, ρ)
ρ L- Σ
( L- LΣ(s;F∞/F, ρ)
(1.2) Q C Qp
)
1.4 (p- ). p- F∞/F
(1.2) p- ξF∞/F ♦








( [Oliver] ) 
§ 1.4.
1.5 ( ). p- ξF∞/F ∂
−[CF∞/F ]
F∞/F p- F∞/F ♦
( p- )
:
• (Ju¨rgen Ritter) (Alfred Weiss) [RW3]
F∞/F 1 p- F∞/F ′ p p-
F ′/F ( —
— )
• (Kazuya Kato) [Kato2]
(of Heisenberg Type) F∞/F





• (Mahesh Kakde) [Kakde]
F∞/F p p- Zp
“ ” (of Special Type) .9
7. Zp Z2p Z2poZp

1.6 ( ). F∞/F F∞/F
p- ξF∞/F ∂(ξF∞/F ) = −[CF∞/F ] :
(1) [H2] p 6= 2, 3 F∞/F
1 Fp Fp Fp
0 1 Fp Fp
0 0 1 Fp
0 0 0 1
× Γ (= Gf × Γ )
(2) [H3] F∞/F (exponent) p p- Gf Γ
♦
8. p > N
BN (Fp) =

1 Fp Fp . . . Fp Fp






. . . . . .
...
0 1 Fp
0 0 . . . . . . 0 1

≤ GLN+1(Fp)
p (2) (1) ( ) 
8 Zp Zp- G/H
Zp- Zp-





9 p G (
) Λ(U/V )
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9. p- 6 (1) (2)
SK1(Zp[Gf ]) ( K1(Λ(G)S) )
(1) ( 8 ) Gf = BN (Fp)
(Peter Schneider) SK1(Zp[Gf ])
p- 












§ 2.1 § 1.2 § 1.3
F G U H V (U, V )
:
(i) F (U, V ) V U U/V
(ii) G ρ (virtual representation)
U/V χU,V IndGU (χU,V ) Z-
( (U, V ) F )
K- Nr: K1(Λ(G)) → K1(Λ(U))
K1(Λ(U))→ K1(Λ(U/V )) = Λ(U/V )×
θU,V : K1(Λ(G))→ Λ(U/V )×
288 (Takashi Hara)
( Λ(U/V ) F (i)
Λ(U/V ) [Bass] )
θS,U,V : K1(Λ(G)S)→ Λ(U/V )×S
.10
11. K1(Λ(G)S) η U/V
χ ( (U, V ) F )
θS,U,V (η)(χ) = η(IndGU (χ))(2.1)
( § 1.3 )
F (ii) (Brauer induction)

θU,V θS,U,V “ ” θ = (θU,V )(U,V )∈F θS = (θS,U,V )(U,V )∈F
Ψ θ (
∏
(U,V )∈F Λ(U/V )
× )
FU FV U, V F
∞ Λ(U/V )S
(Pierre Deligne) (Kenneth Alan Ribet)
[DR] - (Jean-Pierre Serre)
ξU,V ( FV /FU p-
(p-adic zeta pseudomeasure) ):
(1) U/V u (1− u)ξU,V Λ(U/V )
(2) U/V χ p − 1 r






(U,V )∈F Λ(U/V )
×
S ΨS θS∏
(U,V )∈F Λ(U/V )
× Ψ
(ξU,V )(U,V )∈F ΨS
F∞/F p- ξF∞/F
∂(ξF∞/F ) = −[CF∞/F ] ♦
10p- U/V § 1.2
U/V S Λ(U/V )
Λ(U/V )S
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(diagram chasing) [Kato2] Propo-
sition 2.5 .11
Proof. F∞/F f ( f K1(Λ(G)S)
∂(f) = −[CF∞/F ] ) θS(f) = (fU,V )(U,V )∈F ΨS θS
(fU,V )(U,V )∈F ΨS (ξU,V )(U,V )∈F ΨS
uU,V = ξU,V f−1U,V (uU,V )(U,V )∈F ΨS
∂(fU,V ) = ∂(ξU,V ) = −[CU,V ]
(fU,V ξU,V
[Wiles]) ∂(uU,V ) 0
(\) (uU,V )(U,V )∈F
∏
(U,V )∈F Λ(U/V )
× ΨS∏
(U,V )∈F Λ(U/V )
× Ψ (uU,V )(U,V )∈F Ψ Ψ
θ K1(Λ(G)) u θ(u) = (uU,V )(U,V )∈F
u ξ = fu
( -1) ∂(ξ) = −[CF∞/F ] ( ξ F∞/F ),
( -2) θS(ξ) = (ξU,V )(U,V )∈F



































Step 1, θ, θS , Ψ ΨS
Step 2, (ξU,V )(U,V )∈F ΨS
1.6
( G Gf ×Γ )
§ 2.2. F —Step 0
(U, V ) F
(ii) U/V
- (Artin-Brauer’s
Induction Theorems) [Serre1] Gf
(Brauer’s Elementary Subgroup) Uf
V f F = {(Uf × Γ, V f × {1})}
Gf p-
F ( )



















p- (Step 1) 1 p-
[H3] 1 p- p-
1 p-
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§ 2.3. —Step 1
θ, θS
θ+ Ω
P Zp[[Conj(P )]] P Zp-
F (U, V ) G/U
{g1, g2, . . . , gN} G [g]
τj([g]) =
[g−1j ggj ] g−1j ggj U0
Tr =
∑N
j=1 τj {gj}Nj=1 Zp-
Zp[[Conj(G)]]→ Zp[[Conj(U)]] ( Trace Map )
Zp[[Conj(U)]]→ Zp[[U/V ]]
θ+U,V : Zp[[Conj(G)]]→ Zp[[U/V ]]
θ+U,V IU,V (⊆ Λ(U/V )) yU,V ∈ Zp[[U/V ]]
yU,V IU,V
∏
(U,V )∈F Zp[[U/V ]]
y = (yU,V )(U,V )∈F Zp- Ω θ+U,V “
” θ+
∏
(U,V )∈F IU,V IU,V∏
(U,V )∈F IU,V
Ω θ+ :
2.2. θ+ θ+ : Zp[[Conj(G)]]
∼−→ Ω ♦
θ+ (Additive Theta Map)
[H2] Definition-Proposition 3.3 [H3] Proposition 4.3
θ
-
(Oliver-Taylor’s Integral Logarithmic Homomorphism)
ΓG : K1(Λ(G))→ Zp[[Conj(G)]]
2.3 ( ). p- ∆ Zp K1(Zp[∆])
x Zp[∆]× x


























• “ ” ϕ G p-
p- G
ϕ
( log ϕ )
“ ”
1.6 (2) Gf p
p ϕ G p-
• ϕ
• Γ∆
13Zp[∆] m ( p ) Zp[∆]
1 + m 1 + y log(1 + y) =
∑∞
j=1(−1)j−1yj/j Zp[∆] x
xp−1 1 + m log(x) = (p− 1)−1 log(xp−1)










(G ∼= Gf × Γ)
2.4 ([H2] [H3]).
∏
(U,V )∈F Λ(U/V )
× Ψ
η = (ηU,V )(U,V )∈F :
(1) : ηU,V
(2)









[RW1] [RW2] [RW3] [Kato2]
[Kakde] [H2] [H3] § 2.5 
14 p Λ(Γ)×
294 (Takashi Hara)




§ 2.4. p- —Step 2









































Σ b b ν (b, ν)
(PG,[G,G] ) PU,V Gal(FU/F ) (b, ν)
Gal(FU/F ) F a
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(G : U) = p “ ”
p
F “ ” -
p (ξU,V )(U,V )∈F ΨS
-







: [H2] ( 1.6 (1)) §2.2 N
Gal(FN/F ) = G/N ∼=




K1(Λ(G/N)S) p- ξ F∞/F
f ∈ K1(Λ(G)S) K1(Λ(G/N)S) ξ
p- ξF∞/F
[H3] ( 1.6 (2)) Gf




ξU,V ≡ cU,V mod IS,U,V ( cU,V Λ(Γ)×S )
•
〈c〉
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